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In applications of the Internal Model Principle of control theory to nonlinear 
differential systems, a semistable-center-unstable invariant manifold plays an 
important role. The existence of this manifold has been known for some time: in 
this paper its smoothness is related to the location of the spectrum of the 
linearization of the system at the critical element. C 1984 Academic Press, Inc. 
1. INTRODUCTION 
Kelley [ 1 ] has established the existence and smoothness of stable, center- 
stable, center, center-unstable and unstable invariant manifolds for a system 
of ordinary differential equations in a neighborhood of a critical element 
(i.e. a critical point, closed orbit or periodic surface). 
In the Internal Model Principle of control theory, the reference and distur- 
bance signals are regarded as being generated by an exosystem or dynamic 
model of the “outside world” of the regulator. The influence of the exosystem 
on the composite system of exosystem, controller and plant manifests itself 
as a global invariant manifold, the endomorph. The restriction of the 
endomorph to the neighborhood of a critical element is a local semistable- 
center-unstable manifold, i.e., in addition to the unstable and center 
components of the flow, the manifold contains part of the stable component 
(Hepburn and Wonham [2]). 
The existence of this manifold has been known for some time (e.g., 
Claeyssen [3]) and is straightforward to establish. In this paper we establish 
its smoothness. In the case of the manifolds discussed by Kelley, the degree 
of smoothness of the manifolds is either the same as, or one less than, the 
degree of smoothness of the system of ordinary differential equations, where 
the system is finitely differentiable. The smoothness of the semistable-center- 
* This research was partly supported by the Natural Sciences and Engineering Research 
Council Canada, Grant No. A-7399. 
321 
0022-247X/84 $3.00 
Copyright 0 1984 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
322 HEPBIJRNANDWONHAhI 
unstable manifold, however, may be considerably less than that of the 
associated ifferential system, and turns out to depend on the location of the 
spectrum of the linearization of the system at the critical element. In all 
cases where the manifolds have a center component, they may fail to be 
smooth even if the differential system is smooth (van Strien [4]). 
2. NOTATION 
The symbol 1 e ( will be used to denote the euclidean norm on vectors and 
the corresponding induced norm on matrices. For p E I?“, the symbol D; 
will denote the partial differential operator 
where 
is a multi-index, and 
Ipl :=p1+ *a’ +/In. 
The spectrum of a linear map, A, will be denoted by a(A), and 
a(A)<a 
will indicate that for each L E a(A), 
Re(A) < a 
and so on. 
3. THE STABLE-CENTER-UNSTABLE MANIFOLD 
Consider the following real, Ck (1 < k < co) system of ordinary 
differential equations 
8=a+0(8,x,y,~) (14 
i=Ax+X@x,y,L) (lb) 
9 = By + Y(8, x, y, A). UC) 
Here A, B are constant square matrices; Q is a vector or a scalar in the case 
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where the critical element is a periodic surface or a closed orbit, respectively, 
while (la) and the dependence of (lb) and (lc) on 8 may be dropped for a 
critical point; and a(A) < 0, a(A) < a(B) (i.e. the eigenvalues of A lie in the 
open left half of the complex plane, and to the left of the eigenvalues of B). 
Furthermore, 8, X, Y satisfy the following conditions: 
C 1. 0, X, Y are defined and are continuous for all 
and for each fixed A, are Ck in (8, x, y). 
C2. 0, X, Y have period r in 0. 
C3. 0, X, Y, 0,X, Di Y = 0 for (x, y) = 0 and i = 2,3. 
C4. 0, X, Y=O for 1x1* + Iy12 > 1. 
(3. D&,x,,@, Xv r) -, 0 uniformly in (13, x, y) as A + 0, for 0 < 
Ipl<k. 
Remark. There is no loss of generality in assuming that the system of 
differential equations satisfies these properties; the reader is referred to 
Kelley [ 1 ] for the details. 
The Theorem below presents the main result, namely, the existence and 
smoothness of a semistable-center-unstable invariant manifold for the system 
(1) above. 
THEOREM. For some 6 > 0, there is a CS invariant manifold for system 
(1) given, for an appropriate function v, by 
Here for each fixed 1 satisfying II) < 6, v is C” in (0, y) and has period z in 
8; both v and D, v z 0 when y = 0; and s = k if a(B) > 0, otherwise 
s = max{ i ) i < k, i . o(B) > a(A), i integer}. (3) 
Remark 1. The set in (3) above is nonempty, so that a (unique) integer s 
exists. 
Remark 2. When u(B) > 0, MA is a center-unstable invariant manifold, 
so that the Theorem specializes to the result of Keliey on the center-unstable 
manifold. 
Remark 3. The semistable-center-unstable manifold is not unique. 
An outline of the proof of the Theorem will be presented as a series of 
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lemmas. The function u of (2) above will be constructed as the unique 
solution to the differential-integral system 
d = a + w, 4% Y, 21, Y, A) (44 
v(4x,Y)‘rme -““x(w, 4w(o), r(o), 119 tl(o), A) do (4b) 
3 = BY + Y(& wt Y, A), Y, 1). (4c) 
Here (v, q) is the unique solution to (4a), (4~) with initial condition (0, y), 
w = v(t) = v(t; 8, v, y, A), and similarly for q. 
LEMMA 1. (a) Given o(A) < -d < -a < o(B), where a, 2 > 0, then 
there is a constant K > 1 such that for t Q 0 
lepAtI (Ke”’ (54 
le-“I < Ke-“‘. (5b) 
(b) Given a constant ,u > 0, a continuous real-valued function b(t) 
defined for t < 0, and a C’ matrix 4 satisfying for t < 0 
I &)I < P I4Wl+ b(t) 
then 
I#(t)l < e-“’ [g(O)1 + J]’ e-“(t-s)b(s) ds. 
(c) The formula for the kth derivative of the composition of two Ck 
functions f, g at a point x is given by 
Dkt.f- o g)(x) = c c O,Dqf’f(&)) D*‘&) **- D’%(x) 
l<q<k 
where the second sum is taken over all q-tuples of positive integers (iI,..., iq) 
with i, + ... + i, = k, the summand is a q-linear map Dqf(g(x)) with 
arguments D’lg(x),..., D’g(x), and uk = u,(i, ,..., i,) is defined recursively by 
al(l) = 1 
u,(k) = 1 
ok+ dil ,..., i,, k + 1 -4) = 
k ( ) 4 oq(il ,..., ii) for 1 <q < k. 
Proof Parts (a) and (b) are easy modifications of Lemma 1 and 
Lemma 2 of Kelley [ 11, while (c) is given in Abraham and Robbin [5]. 
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We shall now introduce a function space together with an operator which, 
for A sufficiently small, is a contraction. The fixed point of this operator will 
be the function u of (4) above. Define 
&r = {g ] g(8, y) satisfies conditions Ca-Cd below}. 
Ca. g:R’xlR”+Rm andis C’. 
Cb. g has period r in 8. 
Cc. g, D,gzO wheny=O. 
Cd. ]/g/J, := max O<IPI(rsuPeER~suPyeRnID~~,y,g(~~y)l < 03. 
T_hen @L II . IL1 is a Banach space. Let Y?& denote the closed unit ball in 
ST. Let s be an integer satisfying 
a(A) < s * u(B), l<s&k. 
For any u E SS, define 
where w, q are the functions of (4) above. 
LEMMA 2. Let 
v(t) = Yf(t, 6 u, Y, A> (64 
v(t) = rl(t, 4 0, Y, A> (6b) 
be the unique solution to (4a), (4~) with initial condition (8, y), and with v 
being an arbitrary element of z&. If u(B) > -a, then for t < 0 and fzxed 1, 
satisfying 0 < A < A, with 1, suflciently small, and 1 < 1 p) < k, the following 
inequalities hold 
IrWl G+ Id (74 
ID&,,+v(t)( Q e--a’p’f P) 
ID~o,y,r(tI <e--aip”. (7c) 
The inequalities are uniform in 8 and (7b), (7~) are uniform in y also. 
Remark. Inequality (7a) is proved in Lemma 3 of Kelley [ 11. However, 
(7b) and (7~) exhibit the property that causes the semistable-center-unstable 
manifold to have a degree of differentiability which may be much less than 
that of the associated ifferential system, namely, that the magnitude of the 
exponents increase linearly with (pi, whereas they are essentially constant 
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with respect o 1 p 1 for the manifolds treated by Kelley. The same techniques 
as those of Kelley are applicable in the proof here, but the functional bounds 
determined are naturally different. 
ProoJ: Inequalities (7b), (7~) are proved by induction on 1 p 1 for 1 < ( p I ( 
k - 1. The final step, for I pi = k, relies on the uniformity of condition C5 for 
(19, x, y). Write D$,, w as vl,, etc. For 1 p I = 1, from (4a), (4~) 
By the condition o(B) > --a there is B > 0 with o(B) > -a +/I. Then by 
C l-C5 and Lemma 1, there exists a function pi(A), with fii(A) + 0 as A+ 0, 
such that for 0 < 1 < 6, 
with I~,,(O)j, (q,(O)( equal either to 0 or 1. By Lemma l(b) and 8(a), for t < 0 
Suppose for t < 0 that 
I r,(f)1 4 w”‘. 
Then as long as (9) holds 
I v/,OI Q emrir 
=e --P1f 
Q e+’ 
for 0 < rZ < 6,, 6, restricted further if necessary. From (8b) 
(9) 
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(10) 
withf(0) = 1. Then for t < 0 
I r,Wl G f(t)* 
From (lo), if f > 0 then 
ff 2 < 2(--a +P)f’ 
so that 
f(t) > f(0) e(-a+4)1 = e(-Q+!m 
Thus f(t) > 0 for t Q 0 and from (10) 
f= (-a + P)f - e-+,(A) 
so that for t Q 0 
fW=e (-a+b)t I 
1 $4 (1 -e-Of)1 
with 6, restricted further if necessary. Thus 
so that (7) is valid for ) p ( = 1. Now suppose that (7) holds for 1 Q 1 p I< 
m- 1 <k- 1. From L.emma2(c), for [p[=m, 
Here the second sum is over all nonnegative i, , i,, i, with 
i, + i, + i, = q 
and all q-tuples of multi-indices 
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with IprsI 2 1 and 
Pll + *** + Pll, + P21 + * * * + P21* + P31 + * - * + P3i3 = P 
and vplS s D$&:,, v, etc. Thus, 
~~=(D~@+D~@D~~)w~+(D~OD~~+D~O)~~ 
+ c c a,D:‘D$D$O . I,,,, . . . qp3, 
2<q<m 3 
tip=(B+D2YD2 v+D~Y)rp+(D1Y+D2YD,v)w, 
+ 2<F<m c T,,D:‘D:~D~‘Y. vy,,, -s- rp,, . 3 
Then, by Cl-C5 and the induction hypothesis, 
where p2(3c) + 0 as 1 + 0, and I u/,(O)1 = I q,(O)1 = 0. After further calculation, 
it may be shown, with 6, restricted further if necessary, and 0 < 1 < 6,, that 
the above inequalities imply that for t < 0, (7) holds for I p I = m. 1 
LEMMA 3. The operator T: SS -+ ZS, defined above, is a contraction in 
the C” topology (i.e. with norm 1) . II,) for fixed 1 satisfying 0 < A < 6, < 6,, 
where 6, is the bound on 1 determined in Lemma 2, and 6, is suficiently 
small. 
Proof: It is sufficient to show that, for v, , v2 E SS, the following 
inequality holds for ( p I < s 
IDf~,,,(Tv, - Tv2)l G f llvl - vzlls- 
For this, it is enough to establish that the interchange of differentiation and 
integration in the formal equation 
D~~,,,W - TV,) = $, e -AoD&yj(X1(u) -X’(u)) da (11) 
is valid, and then use the inequalities (7) of Lemma 2 and the results of 
Lemma 1. Here 
eJ> := XW), m(u), he), A), eJ), A), i= 1,2. 
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To accomplish this, it must be shown that there is a function p(A) with 
p(L) + 0 as 1--t 0 such that 
For, by the definition of s, in Lemma l(a) we may choose a, di so that 
15 > sa, and then 
I j0 e -""D&y)(xl(u) -X'(o)) da -co 
I 
O < (Ke'")(p(A) e-'p'uO (Iu, - z1211s) da
-02 
Thus the hypothesis a(A) < su(B) ensures that the integrand in (11) is 
absolutely integrable, establishing the validity of (11). 
Now 
- D:lDi2Di3Jx2wp,, -+a ~~,,,t.~~, *-- v;&,~~ .-a ~pj,,]. 
Straightforward application of Cl-C5 and Lemma 2 shows that each term of 
the summand is bounded by 
&l)e-‘p’“’ I(v, - u2(ls 
for some function @(A) with F(A) -+ 0 as A -+ 0. Since there are finitely many 
terms, there is a function p(A) with p(A) -+ 0 as A -+ 0 such that (12) 
holds. 8 
LEMMA 4. A j?xed point v E SS of T defines an invariant manifold 
(specljkally the manifold is the graph of v, as indicated in the definition 
of M.d 
ProoJ Straightforward--see Kelley [l] for the details. 
This concludes the proof of the Theorem. It is well to note that while the 
method of proof adopted here constructs uniquely a version of the 
semistable-center-unstable manifold, this manifold itself need not be unique. 
It is of interest to examine the question of uniqueness of the semistable- 
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center-unstable manifold in the light of a result by Wan [6], who gives a 
sufficient condition for two invariant manifolds to have contact of a certain 
order (i.e. the representative functions have the same derivatives to a certain 
order) at a critical element. Let a(A) = {,u ,,..., ,u~} and a(B) = {A, ..., A,}. 
Then Wan’s result states that if 
n 
4 f c 4, j = l,..., m 
1 
where the n, are nonnegative integers, and C n, < s, then any two CS 
invariant manifolds with the same tangent spaces at the critical element, have 
contact of order s at the critical element. Clearly, our condition (3) in the 
Theorem, namely, 
a(A)<s*o(B) 
is stronger than Wan’s condition, so that the Cs semistable-center-unstable 
manifolds have contact of order s at the critical element. 
As an illustration of the results of this paper, consider the following 
system: 
i = -2x + y*, XEIR 
4’ = --y + y3, YE (-191). 
It is straightforward to determine that the family of (nonunique) semistable- 
(center-unstable) manifolds for this system is {M, 1 a E R}, where 
MC% = (x9 Y) I 1 x=$-j-(lnlyl+o),yE (--1,O)U(O, 111 U{(O,O)}. 
As expected, the M, are all exactly C’ and have first order contact at the 
critical point (0,O). 
As a final remark, there is of course a result, completely analogous to that 
of the Theorem, on the existence and smoothness of a stable-center- 
semiunstable manifold in the case where a(A) < a(B) and a(B) > 0. 
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